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Abstract. Let A be a left-artinian ring. Generalizing the Loewy length, 
we propose the layer length associated with a torsion theory, which is a new 
measure for finitely generated A-modules. As an application, we obtain a 
theorem having as corollaries the main results of [3] and [7]- 



1. Layer lengths 

Throughout the paper, we fix the fonowing notation. A wiU be a left-artinian 
ring and C := mod (A) the category of finitely generated left A-modules. We also 
denote by Endz (C) the category of all additive functors from C to C. Furthermore 
we let rad (resp. soc) denote the Jacobson's radical (resp. socle) lying in Endz (C). 
Note that the functors rad and soc are both subfunctors of the identity Ic- Recall 
that if a and /? belong to Endz (C) and a is a subfunctor of /3, we have the quotient 
functor P/a € End^ (C) which is defined as follows: 

(a) {(3/a){M) := f5{M)/a{M) for M e C, and 

(b) (/3/a)(/) {x + a {M)) := /3 (/) (x) + a (N) for a morphism / : M ^ in C. 
Furthermore, we set top := Ic/rad G Endz(C)- Finally, we also recall that the 
functors rad and Ic/soc preserve monomorphisms and epimorphisms in C. 

Given a G Endz (C), we consider the a-radical functor Fq :— rad o a and 
the a-socle quotient functor Gq := a/(soc o a) where o is the composition in 
Endz (C). Furthermore, we consider the classes J-q = { Af G C : a{AI) = } and 
Ta = { M eC : a(M) = M }. Also we set min0 := oo. 

Definition 1.1. For a and (3 in Endz (C), we define: 

(a) the (a, ^)-layer length tt^ : C ^ N U {oo} 

Ui{M) := min{i > : a o /3'(A/) = }; 

(b) the a-radical layer length 11°" := ££^" and the a-socle layer length 

Note that U^iM) and are fimte for all M in C. 

Example 1.2. The Loewy length is obtained by taking a = Iq in \1.1\ (b). This 
yields the usual radical layer length ££ and socle layer length ££i^ . In this case, it 
is well known that ££ = ££i^ . 
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We have the foUowing natural question; Under what eonditions can we compare 
U" with Up for some a, /3 G Endz (C)? In order to answer this question, we propose 
"Comparison Theorems" . We first need to develop some necessary theory about 
layer lengths. 

Lemma 1.3. Let a and /3 be in End^ (C). Then 

(a) J-„ - { M e C : < (M) = 0}; 

(b) (M) = Ui (/3 (M)) + 1 for any M eC\Ta; 

(c) if M eTa and M ^ 0, then (M) = (rad(M)) + 1 and (M) = 

(M/soc {M)) + 1. 

Proof, (a) It is easy to see that: M e J'a ^ a (M) = Ui (M) = 0. 

(b) Take M G C such that a (M) ^ 0. In particular (M) > 1. Now for i > 1, 
(M) = (/3 (M)) and then (M) = Ul {(3 (M)) + 1. 

(c) Take 0^ M eTa- It is clear that M eC\Ta because TanTa = {0}. Since 
a (M) = A/, it follows that F„ (A/) = rad (M) and G„ (M) = M/soc (M). Hence, 
by (b), we get the result. □ 



Lemma 1.4. Let a and j3 he in End^ (C). Then 

(a) (M e iV) = max{^£(^(M),«^(Ar)} for any M,N 6 C; 

(b) if a and /3 preserve epimorphisms, then 

(bl) ei'l (M) < iif^ (L) for any epimorphism L M in C, 
(b2) Ui{M) < «^(aA) for each M G C; 

(c) // a arte? (3 preserve nionomorphisms, then ££^ (L) < (M) for any 
monomorphism L M in C. 

Proof, (a) Consider a := Ui (M ® N). If a = oo, then a o f3' (M Q) N) ^ for ah 
i > 0. Let b := max{e£'^ iM),ii'i {N)}. If & < oo then a o ^*'(M) = a o ^''(TV) = 
hence a o 13'' {M (S N) ^ a contradiction, li a < oo, then = a o /3" (M © iV) and 
since ao (3°' is an additive functor, it follows that n ma.x{£i^ (M), (N)} < a. 
On the other hand = a o /3"(Af) © a o /3"(iV) = a o ^"(M ® iV) implies that 
a < n. 

(b) Suppose that a and /3 preserve epimorphisms. Let n := i?^^ (L) where / : 
i Af is an epimorphism in C If n = oo , then (bl) is immediate, otherwise, since 
a o l3"{f) is an epimorphism and a o l3"{L) — 0, we get that (Af) < n; proving 
(bl). Finally, (b2) follows from (bl) and (a) since M is finitely generated. 

The proof of (c) is similar to that of (bl). □ 

We recall the following definitions that can be found, for example, in [TJ|3]. 

Definition 1.5. For a G Endz (C), we say that a is a pre-radical if a is a subfunc- 
tor of Ic- In case a is a pre-radical, we set Qa ■— / C( ^ Endz (C). Furthermore, 
if a is a pre-radical satisfying a o =0 then a is a radical. 

The following two lemmas will be useful for the Comparison Theorems. 

Lemma 1.6. Let a G Endz (C) be a pre-radical. Then 
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(a) a preserves monomorphisms; 

(b) J-Q is closed under suhmodules and finite coproducts; 

(c) Ta is closed under quotients and finite coproducts; 

(d) if a preserves epimorphisms then a is a radical. 

Proof. Let / : M — > be a monomorphism. Consider the inclusions im : a (A/) — > 
M and ijv ■ a{N) — N. Thus ijs[ a{f) — fiM, and since / is a monomorphisni, 
then so is «(/), proving (a). For (b) and (c) see [51, Ch. VI, Prop. 1.2]. For (d) see 
[1 Ch. VI, Ex. 5]. □ 



Lemma 1.7. Let a G Endz (C) he a pre-radical. The following conditions are 
equivalent. 

(a) The functor a is left exact. 

(b) The class Ta is closed under suhmodules and o? — a. 

(c) The functor qa preserves monomorphisms. 
Proof, (a)^(b) See in gj Ch. VI, Prop. 1.7]. 



(a)<^=>(c) Consider an exact sequence M ^ N ^ X 
fohowing exact and commutative diagram 





in C. We have the 



. a [M) M ■ 



■ {M) 



"(/) 



■a{N) 



q« if) 



N- 



■ {N) 



X 







X 







where X a(A^)/Im(a (/)) and tt{x) := x + Ini(a(/)). By the Snake's Lemma, 
we have that Ker {q^ (/)) — Ker (/i), and hence the item (c) is equivalent to saying 
that /i is a monomorphism. 

Since gf = 0, it follows that a (g) a{f) ~ and hence there exists a morphism 
l3 -.X ^ a{X) such that /Jtt = a{g); therefore Ker(^) = Ker(a(g))/Im(a (/)). 
Furthermore, we assert that the following diagram is commutative 

a{X) 



X. 





X 

Indeed iin — g i^ = ix ct {g) = ix /3 tt and since tt is an epimorphism, it follows 
that n = ix P- Therefore, the proof follows from the following equivalences : a is 
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left exact <^ Ker {a (g)) = Im {a (/)) <4> /3 is a monomorphism <t4> is a monomor- 
phism ^ Ker (g^ (/)) = 0. □ 

2. Two COMPARISON THEOREMS FOR LAYER LENGTHS 

In this section, we state and prove two comparison theorems for layer lengths. 
To do that, we need some propositions and lemmas as follows. 

Proposition 2.1. Let a £ Endz (C) be a pre-radical which preserves epimorphisms. 
IfO^M gC andsoc{M) e Ta, then M ^ Ta and (M/soc(M)) + l = ££" (M). 

Proof. Let ^ M e C such that soc (M) e Ta- Note that M ^ Ta, otherwise, by 
[L6l (b), soc (M) e 7a and so soc (M) e Ta n Ta ^ {0}; contradicting that M 0. 
Since M ^ Ta, we have m := «"(M) > (see [Il3] (a)). Take N := a o F^-^{M) 
which is a submodule of M since a and rad preserve monomorphisms. 
We assert that N is semisimple. Indeed, a (rad (N)) — a o F™(Af) = and hence 
rad (TV) G J^. Then, by (b), it follows that soc (rad (A^)) £ Ta- On the 
other hand, there is an epimorphism soc (M) — soc (N) © X — > soc (rad (N)) for 
some X £ C. Thus, bv ll.Gl fc). we get soc (rad {Nj) e Ta since soc (M) e 7^. Hence 
soc (rad (N)) £Ta^Ta = {0} showing that rad {N) = 0; therefore N is semisimple. 
Furthermore, since the pre-radicals a and rad preserve epimorphisms, then so does 
the preradical a o F™~^. Therefore, we get the following commutative diagram 

M ^ M/soc (M) 

a o F"^-' (Af) = N a o F™-^ (M/soc (M)) 

where pi is the canonical epimorphism, p2 ^ a o F™^^ (pi) and ii and i2 are the 
inclusions. Now, N semisimple implies that ii{N) C soc (Af) and hence 12 P2 = 
pi ii = 0, proving that P2 = since 12 is a monomorphism. Then we get that 
aoF™"^(Af/soc(A/)) = and hence n := (Af/soc (Af)) < m-1. Suppose that 
n < m — I. Consider the following commutative diagram 

M ^ Af/soc (A//) 

31 j2 

aoFS (M)^;^ -0 

where = a o F^ (pi) and ji and ^2 are the inclusion maps. Thus pi ji — and 
then aoFS (Af) C soc(A4'). So aoFS+^ (M) = a (rad (a oF2(Af))) = and hence 
££" (M) < n + 1 < TO, a contradiction, proving that n = to — 1. □ 

Lemma 2.2. Let a, (3 £ End^ (C) be such that j3 is a radical and a is a pre-radical. 
If Ta ^Tj3 then soc (Im (qp)) '^Ta^i Tp. 

Proof. Since /3 o = it follows that Im (qp) C J^^, therefore, soc (Im (qp)) C Tp. 
It remains to prove that soc (Im (qp)) C Ta- Let A/ £ Im (q^) and take any simple 
S in soc(Af). We assert that HomA(— , 5)17-^ = 0; otherwise, there is an X G Ta 
and an epimorphism X ^ S and so 5 £Tp. Hence S £ TpCiTp since soc {M) £ Tp- 
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Then = 0, a contradiction, proving that HomA(~, S)\T,j = 0. In particular, using 
that J^a C 7^, we get HomA(— , — and then S ^ J-'a- Consider now the 

following exact sequence 

~> a{S) S ^ qa{S) ^ 0. 

We have that a{S) ^ (otherwise, 5 e J^a)- Hence a{S) ~ S giving us that 
5' e 7^ for all simple in soc (M). Then soc (M) eTa- □ 

The following result will be our first comparison theorem. 

Theorem 2.3. Let a, /3 G End^ (C) be radicals such that a preserves epimorphisms. 
Then i£g^ (M) < IP [M] for each M e C if and only if Fc.'^Tp. 

Proof. (^) Let Uq^ (M) < (M) for each M e C. If M e then {M) ^ 
and so (M) = 0; proving that M G J^^^ = Tp. Hence Ta Q Tp- 

Let J'a C 7^. To prove that Uq^^ (M) < ££" (M) for each M e C, we 
use induction on (M). If (M) ^ then M e C Tp Tq,,. Therefore 

Uq^ (M) = 0. 

Suppose that {M) > 1. We may assume that qp (M) ^ (otherwise the proof 
is done). We assert the following: 

(i) eriqpiM))<er{My, 

(ii) iriqp (M)/soc {qp (M))) = tr {qp (M)) - 1; 

(iii) ££q^ (qp (M)/soc (qp (M))) < ££" {qp (M)/soc {qp (M))). 

Indeed, (i) follows from the canonical epimorphism M qp (M) and 11.41 On the 
other hand, we already have that qp (M) ^ 0; moreover. 12.21 implies soc {qp (M)) G 
Ta, then (ii) follows from 1 2.1 1 To prove (iii), we use (i) and (ii) as follows: 

{qp (Af)/soc {qp (M))) = {qp (Af )) - I < ££" (Af ) - 1< £r (A//); 

thus (iii) follows from our induction hypothesis. 

Now, since qp'^ — qp/{l3 o qp) and /3 is a radical, we have that qp'^ = qp 
and qp {M) G Tq^ — Tp. Therefore it follows from the definition of that 

{M) = ££q^, {qp {M)) and so fromO (c), we get 
££q^ {qp (Af)) = ££q^{qp {M)/soc{qp {M))) + !<££" {qp {M)/soc{qp {M))) + 1 = 
££" {qp (Af)) < (Af ). □ 

Proposition 2.4. Let a G End^ (C) be a pre-radical such that qa preserves monomor- 
phisms. If ^ M e C and top (Af ) G Ta, then M ^ Ta and ££q^{M) = 
££q^{Tad{M)) + 1. 

Proof. Let 7^ Af G C satisfying that top (Af) G Ta- Suppose that M & Ta, then 
top (Af ) G Ta and hence top (Af ) eTa^iTa = {0}, a contradiction. Hence M ^Ta- 
We assert that for any i > there is a natural map tt^ : Ic — > gc, o G^^such that 
for each X G C, the map tt^^x : X — > o Gq^{X) is an epimorphism. Indeed, for 
each Z G C consider the following canonical quotients maps pz '■ Z ^ qa {Z) and 
az '■ qa {Z) Gq^ {Z). For each X G C, we set ttq.x Px and we inductively 
define tt^^x :— pQi (x) ^Gi,-'^ {x)^i-i,x for i > 1. It can be seen that the maps 
defined above satisfy the required conditions. 
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Take m :— Uq^ {M). Observe that m > since M ^ Ta — J-q^- We assert that 
N :— q^o Gq^^^{M) is semisimple. Indeed, 

- o Gq:: (M) - qa o {Gq^'\M)) = qc {N/soc (TV)) 

and hence N/soc{N) G 7^ proving that top (iV/soc (A^)) G 7^. On the other 
hand, the canonical epimorphisms M ^ N and N iV/soc {N) induce an epimor- 
phism top (Af) — > top {N / soc (N)) which is sphtting, giving us a monomorphism 
top (iV/soc (N)) top (M). Hence top (iV/soc (A^)) G Ta since top (M) G Jq, and 
therefore, top (7V/soc (N)) €TaC\Ta^ {0}. Then N = soc (iV) which means that 
N is semisimple. In what follows, we use the fact that the additive functor q^ o Gq^ 
preserves monomorphisms for any i > Q. Consider the following commutative dia- 
gram: 



rad [M) 



■M 



■ qa o Gq^-' (M) = N 



9aoG,':"Mrad(M))- 

where j :— qa ° Gq^^^ (*-A/) is a monomorphism since the inclusion is so. Then 
7rm-i,j\f (rad (M)) C rad (A^) = and hence j 7r^_i,rad (m) = 0- Using that j 
is a monomorphism, we have 7r„j_i ^ad (a/) = and thus qa G^~^{Tad{M)) = 0; 
proving that £ :— ££q^ (rad (Af )) < m — 1. We assert that £ — m ~ 1. 
Suppose that £ < m — 1. In this case, we have the following commutative diagram: 



rad (M) 



■M 



"■f.rad (A/) 



0- 



^qaoGqi(M). 

So, there is an epimorphism 9 : top (A/) qa oG a{M) such that 6p ^ '^£,m, where 
p : M ^ top (M) is the canonical epimorphism. Therefore qa ° Ga{M) is semisim- 
ple and hence ££q^ (M) < £ + 1 < m a contradiction; proving that £ = m — 1. □ 



Lemma 2.5. Let a, (3 E End^ (C) be pre-radicals. If = a and Tjs C J^a then 
top (Im {a)) J-p CiTa- 

Proof. Since ~ a, we have Im(a) C Ta and so, bv 11.61 fc). top(Im(a)) C Ta- 
Let S* be a simple A-module in top {a (M)) for Af G C In particular 5 G Ta- Since 
HomA(5', — — (otherwise we would have that S & Fa^Ta = {0}), it follows 
from Ta C that IIomA(5, — )|7-, = and hence S <^ Tp. Consider the exact 
sequence /3 (5) ^ 5 ^ g/j (S*) ^ 0. If ^ (S*) then /3 (S*) = S* and this 
implies that S d Tf3, a contradiction, proving that /3 (S) = 0. Hence S G J73 for any 
simple 5 in top (a(Af)), and so, top {a (A/)) G J-p for any Af G C. □ 

We are now ready to prove the second comparison theorem. 

Theorem 2.6. Let a,l3 € Endz (C) be pre-radicals such that o? = a. and qp pre- 
serves monomorphisms. Then 

££°' (M) < ££q^ [M) for each M eC if and only ifTpCTa- 
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Proof. (^) Let M eTp= Tq^ . ByOwe have Uq^, (M) = 0, and so, it (M) 0; 
giving us that M £ Ta- 

{<=) '!= J-a- The proof win be carried out by induction on ££q^ (M) for M e C. 
If Uq^ (M) = then M e Tq^ = C J'a and hence (M) = bvfOl 
Suppose that ££q^ (M) > 1. We may assume that a{M) ^ (otherwise there is 
nothing to prove). We assert the fohowing: 

(i) Uq, {a{M))<Uq, (M); 

(ii) Uq^, (rad (a (M)) = Uq„ (a (A/)) - 1; 

(iii) £e (rad (a (A/))) < (rad (a(A/))); 

(iv) (rad (a (A/))) + 1 < Uq^ [M). 

Indeed, (i) follows from the monomorphism a (Af) M and the fact that qp 
preserves monomorphisms (see in 11.41 (c)). To prove (ii), we have by 12.51 that 
top (a (AT)) £ J^p. The result then follows from 12.4] On the other hand, we use 
(i), (ii) and induction to get (iii) as follows: Uq^ (rad (a (A4^))) < Uq^ (M) - 1 < 
Uqi^ (M). Finally, the preceding inequalities and (iii) give us (iv). 
To finish the proof, we use (iv) and = a, as follows: 

(Af) = (a(Af)) = (rad (a (Af))) + 1 < Uq^ (Af). 

□ 

3. LAYER LENGTHS INDUCED BY TORSION RADICALS 

In order to state and prove our third comparison theorem, we recall some notions 
and basic results about torsion theories for C (see, for example, in [1] and [4]). In 
particular, the torsion radical attached to a torsion theory for C will be of crucial 
importance. Recall also that for a given class X in C and a A-module M, the trace 
of X in Af is the A-submodule TraceA'(Af) of Af generated by the images Im (/) of 
the maps / £ IIomA(X, Af ) with X € X. 

Definition 3.1. A torsion theory for C is a pair (T, J^) of classes of modules in 
C satisfying the following conditions: 

(a) HomA (Af , N) = for any M eT and N e T\ 

(b) for any X eC, if HomA {X, ^ then X e T; 

(c) for any X eC, if HomA (-, X)\r ^ then X e 

Remark 3.2. Let {T,T) he a torsion theory for C. We recall that t := Trace^ is 
the so called torsion radical attached to {T,T). It can he seen that t{M) is the 
largest suhmodule of M lying in T. 

The connection between torsion theories for C and subfunctors of Ic is given by 
the following well known result. 

Proposition 3.3. HHJ The map (j){T,J^) Tracer induces a hijection 

{ torsion theories for C} { idempotent radicals in Endz (C)} 
with inverse {a) = {Ta,J'a)- 

Now, we are ready to state and prove the third comparison theorem. 
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Theorem 3.4. Let {T,J-) and {T' ,J'') he torsion theories for C] and consider the 
torsion radicals t := Tracer and t' :— TraceT-/. Then 

if (M) = eiq^, (M) for each M £ C if and only if F ^ T' . 

Proof. Let (M) = U^^, (M) for each M e C. Then, byO(a) and[S31 we 
have the equivalences: M € F ^ Tt ^ it (M) = = t(.q^, (M) M e J,^, = T'. 

(<^) Let jF — T' ■ To prove the result, it is enough to check the hyphotesis needed 
in 12.31 and 12.61 for a — t and P — t'. That is, we assert the following: 

(i) t and t' are idempotent radicals; 

(ii) t preserves epimorphisms; 

(iii) Qt' preserves monomorphisms. 

Indeed, (i) follows froni l3.3l To prove (ii), we have firstly that F =T' implies F is 
closed under quotients, and since t is radical, using ^ Ch. VI, Ex. 5], we get the 
result. Finally, we get (iii) from 11.71 since T' = Ft is closed under submodules (see 
[1161(b)) and = t'. □ 

An interpretation of 13.41 in terms of ttf-classes can be given. So, we get a new 
view of ttf-classes by using layer lengths. In what follows, we recall the notion of 
ttf-class. 

Definition 3.5. |6] A class X in C is called a ttf-class if there exists classes T 
and F such that (T,X) and {X,F) are torsion theories for C. In this case, the 
triple {T,X,F) is called a ttf-theory. 

Using the notion of ttf-triple, we can get from 13.41 the following result. 

Corollary 3.6. Given a ttf-theory (TjX^F) forC, we have that 

ii* (M) = tiq^ (A/) for each M G C 

where t := TraceT- and x :— TraccA' are the corresponding torsion radicals. 

Proof. This follows easily from 13.41 □ 

Given a class .A in C, we denote by ^ (A) the class of the .4- filtered modules in 
C. That is, M G ^(A) if there is a finite chain = Mq C Mi C • • • C M„ = M of 
submodules of M such that each quotient Mi/Mi_i is isomorphic to some object 
in A. We have the following easy characterization of ttf-classes for C. 

Lemma 3.7. Let X he a class in C. Then, the following conditions are equivalent: 

(a) X is a ttf-class for C; 

(b) X is closed under extensions, suhmodules and quotients; 

(c) X = 5(5) for some 5 C { K-simple modules }. 

Proof. The equivalence of (b) and (c) is easy to see. On the other hand. The 
equivalence of (a) and (b) is well known (see for example in 1 and [1]). □ 

Examples 3.8. (1) Consider the trivial ttf-theory {C,0,C) .In this case, the torsion 
radicals are t — Traccc — Iq and x — Tracco — 0. So, — Ic and then ii is the 
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radical layer length and ££q^ is the socle layer length. In this case, \3.6\ gives us the 
well known equality for the Loewy Length. 

(2) Consider the Junctors K,S d Endz (C), which were introduced in [^. These 
functors were defined throughout the exact sequences: ^ K (M) M ^ Q (Af) — > 
andO^ S (M) M C (M) -> where K (M) (resp. C (M) ) is the maximal 
suhmodule (resp. quotient) of M lying in^{S^°°) with S^°° the class of the simple 
K-modules of finite projective dimension. So, we have that K and S are idempotent 
radicals, and moreover, qx = Q o,nd qs = C. Since Ts = 5^(5^°°) ~ Tk, we have 
that [Ts,^{S^°°),J-k) is a ttf-theory for C . Hence, bv \3.6\ we get that 

(Af) := ^ ^^^^ (^j^^ ^. f^g^ (^^^^ 

where £i°° is the so called infinite-layer length in [3]. 

In what follows we use the following notation. Let 5 C { A-simple modules }, 
S' := { A-simple modules }\S and Xs ■= Following 13.71 we say that the 

ttf-theory (75,^5,^^5) is generated by the class S. We also consider the torsion 
radicals t^ := Tracej-^ and := Trace;^^. 

Proposition 3.9. Let (7s, X^, J-s) be the ttf-theory generated by the class S. Then, 
the following statements hold true. 

(a) 7^; = {Af e C : top (M) e add {S')}. 

(b) J5 = {M e C : soc (A/) e add {S')}. 

(c) The torsion class Ts is closed under projective covers of objects in Tg. 

(d) The set Ig '■= tg (a A) is an ideal of A and ts{M) = Ig M for any M G C. 

Proof, (a) Let M e C be such that top (A/) e add {S'). We prove that HomA(A7, -)\xs 
is zero. Suppose that there is some non zero morphism f : M X with X G Xg. 
We may assume that / is surjective, thus top (X) is a direct summand of top (A7) 
contradicting that S D S' — proving that M e Ts. 

Let A/ G C be such that HomA(Af, — is zero. If there were some S G S being 
a direct summand of top(Ai^), then by composing the canonical projections M — > 
top (A/) S, we would obtain that HomA(A/, S) / 0. Hence top (A7) G add (S'). 

(b) It is quite similar to the proof of (a). 

(c) It follows from (a) since top (Po(Af)) ~ top (Af), where Pq{M) is the projec- 
tive cover of AL 

(d) It follows by [O and [4, Ch. VI, Ex. 5]. □ 

Proposition 3.10. Let Si and S2 be subsets of the set { A-simple modules }. Then 

Si C 52 if and only if (m) < (Af) VA/ G C. 

Proof. It is clear that Si C 52 is equivalent to the inclusion Xg-^ C Xg^. On the 
other hand, we have that Xg^ — Ftg^ and — Txs.^ (see 13. 3p . Hence, bv 12. 3[ 
it follows that Si C ^2 iff Uq^^^ (Af) < (Af ) VAf G C. Finally, from [311 we 
know that Uq^ (Af ) = tf'^'^ (Af ) VAf G C; proving the resuh. □ 
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4. Applications to the finitistic dimension 

Definition 4.1. Let X and y he classes of C and 5 C { K-simple modules }. We 
introduce the following classes of A-modules: 

• X ®y -.^ {X ®Y ; X ex,Y ey}, 

• Cf {M G C : (A/) < £}, 

• Tf := cf ®fl{Cf), where n{M) denotes the first syzygy of M £ mod (A) 
and n{x) = {n{M) -.MeX}, 

• the class S^°° of the simple A-modules of finite projective dimension. 

Remark 4.2. Let S C { A-simple modules }, J := rad (A) and Lg := (aA). 
Consider the quotient ring T := A/J^(5) where Je{S) := Ls{JLsY < A. So, by \3.9\ 

(d), it is not hard to see that 

cf = {M e C : Ji{S)M = 0} ~ mod (F). 

Lemma 4.3. Let S C { A-simple modules } and M G C. If ts (M) ^ then 

if"" {nts{M)) <M*^ (aA)-1. 

Proof. Assume that tg (M) ^ 0. Consider the following exact sequence 
Q,ts{M) — > P — > ts{M) where P is the projective cover of i<s(M). Hence, by 
l3Jl it follows that 7^ P G 7^^ . So, by using O and [13 we get 

i^ltsiM)) < U*'' (rad (P)) = M'"" (P) - 1 < ii'"' (a A) - 1. 

□ 

In what follows, we use the function ^ : mod (A) N defined by Igusa and 
Todorov in [5]. We refer to [SJ [5] for the definition and main properties of this 
function. Given X C mod (A), we set *dim {X) = sup{^I'(Af) : M G X}. 

Theorem 4.4. Let S C 5<°°. Ifif^ (a A) < 2£ + 1 and *dim(Tf ) is finite, then 

fin.dim. (A) < max{pd(5), 2 + ^'dini(Tf )} < 00. 

Proof. Let /3 :— pd [S] and M G C of finite projective dimension. Assume that 
(a A) <2i+l and *dim(Tf ) < 00. Consider the canonical exact sequence 
Q^ts (M) M qts (M) 0. Since Qts (M) G Xg and pd (M) < 00, it follows 
that pd (^5 (M)) < 00 and also that 

pd(M) < max{^,pd(t5 (Af))} < max {/3, 1 + pd (17 ^5 (M))}. 

If ts {M) = then Af G A5, and so pd(Af) < (3 getting the result in this case. 
So, we can assume that ts {M) ^ 0, and hence by O f/'^' (17^5 (Af)) < 2£. 
Therefore N := Ft^^{nts{M)) G Cf . Recah, as can be seen in |L2 that N = 
Ji{ mathcalS)il tg (A/), and then we have the exact sequence ^ N fits (A/) 
N' ^0 where N' :^nts iM)/N G Cf . Using [5, Remark 5], we get 

pd{nts (M)) < l + '^iN ®n{N')) < l + *dim(Tf); 



proving the result. 



□ 
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Remark 4.5. By taking 5 = in \4.4\ we obtain as a consequence the main result 
in [7] (see Theorem 3) : If J^^^^ = andV := A/J^ is of finite representation type, 
then fin. dim. (A) is finite. Indeed, since S is empty, we have that = Ic, md so 
by \4-2\ Cf ~ mod(r). Therefore the test class Tf is of finite representation type, 
giving us that fin.dim. (A) < 2 + ^-dim (Tf ) < oo. 

Lemma 4.6. Let S C S^°°, (3 :— pd [S) and S' :— 0xeS' Then the following 
statements hold true. 

(a) For any M G Cf , we have that nP+^{M) ®P ~ n^+^{Ms') © P' where P 
and P' are projective A-modules and Mg' G add (5'). 

(b) *dini (Tf ) < 1 + /? + *(17'3+i(S') ® < oo. 

Proof, (a) Let M e Cf . So tsFt^ (M) = and then rad o ts{M) = Ft^ (A/) G Xg- 
Moreover gts (M) G Xs, hence pd {Fts{M)) < /3 and Y>d{qts{M)) < (3. Tlierefore, 
applying [2, Lemma 3.6] to the exact sequences — > ts{M) — > M — > qtg{M) — 
and FtsiM) ts{M) toY>{ts{M)) ^ the result follows since Ms- 
top(t5(M)) G add (5') by 13^91 fa). 

(b) Let M ^ X®n{Y) with X, F G Cf . Hence, by (a), we have that Vt!^+^{M) ~ 
Q.P+^(Xs')®nf^+'^{Ys')®P for some projective A-module P and Xs',Ys- G add (S'). 
Applying 2,, Proposition 3.5] 1 + /3 times to Af and then, by the preceding isomor- 
phism, we get ^'(M) < \+l3+^{Vtf^+^{M)) < l+l3+'^{n'^+^{^')®Q'^+^{^')) < oo. 
□ 

Corollary 4.7. Let S C S<°°, (3 := pd (5) and E' := ®xeS' ^- V ^^^^ (aA) < 3 
then fin.dim. (A) < 3 + /3 + *(r2^'+i(E') © 0^+2(E')) < oo. 

Proof. It follows from Ol and li^Bl □ 

Remark 4.8. About Corollary \4. 7| 

1 By taking S = 5^°°, we ^ei the main result in [5] (see Theorem 5.5). On 
the other hand, by \8.1(A we see that the "strongest" version that can be 
obtained from \J77\ is precisely when S — S^°° . 

2 If S is empty we get the well know result of "radical cube equal to zero". 
That is, ifJ^ = t/ien fin.dim. (A) < 3 + 4'(ri(A/J)©172(A/J)) < oo where 
J := rad (A). 
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